In [21] the authors found a complete description of the topologically m-torsion elements of the circle group T. The survey of Dikranjan [18] offers a general approach to this notion where the restriction m n |m n+1 is completely removed: Definition 1.3. For an Abelian topological group X and a sequence of natural numbers m = (m n ) an element g ∈ X is called topologically m-torsion if m n g → 0 in X .
Evidently, the set t m (X) of all topologically m-torsion elements of an Abelian topological group X is a subgroup of X . The paper [6] is dedicated to the study of t m (T) for sequences m of integers that satisfy some linear recurrence relations. Let us note that the interest in the study of the group of the form t m (T) is motivated, in particular, by the following arguments. First, the computation of t m (X) for an arbitrary locally compact Abelian group X is reduced to that of t m (T) [18, §2.2] .
Second, there are some applications to Diophantine approximation, dynamical systems and ergodic theory [11, 37, 43] .
Dikranjan [18] defined the following Galois correspondence between subgroups of Abelian topological groups and subgroups of Z ∞ : It turns out that the notion "to be t-closed" is enough restrictive in the sense of the following theorem:
Theorem 1.5. ([20]) Let X be a locally compact group. Then the following statements are equivalent:
(1) every cyclic subgroup of X is t-closed; (2) X ∼ = T or X is a subgroup of the discrete group Q/Z.
On the other hand, for the torus T the sequences of integers m may be considered as the sequences of elements of the dual group Z of T. Thus, we may modify the range of the sequences u = {u n } for an arbitrary Abelian topological group X considering sequences u in the Pontryagin dual X ∧ of X . Following Dikranjan et al. [23] : Definition 1.6. Let X be an Abelian topological group and u = {u n } a sequence of elements of X ∧ . Set s u (X) = x ∈ X: (u n , x) → 1 .
Let H be a subgroup of X . If H = s u (X) we say that u characterizes H and that H is characterized (by u).
In analogy with t-closure, the following closure operator g of the category of Abelian topological groups is defined in [23] : Definition 1.7. Let X be an Abelian topological group and H its arbitrary subgroup. The closure operator g X is defined as follows g X (H) := u∈( X ∧ ) ∞ s u (X): H s u (X) , and we say that H is g-closed if H = g X (H), and H is g-dense if g X (H) = X .
For an Abelian topological group X denote by n( X) = χ ∈X ∧ ker χ the von Neumann radical of X . Following von Neumann [35] , the group X is called maximally almost periodic (MAP for short) if n( X) = 0. Some categorical properties of the closure operator g were considered by Dikranjan [19] . Let us note that for this new Galois correspondence, in contrast to Theorem 1.5, Dikranjan et al. [23] Note that Hart and Kunen [30, 31] proved that in every compact metrizable Abelian group X there is a proper g-dense Borel subgroup. Now we consider a very important question that also leads to the study of characterized subgroups of compact Abelian groups. Let u = {u n } be a non-trivial sequence in an Abelian group G.
Is there a Hausdorff group topology
This question, especially for the integers, has been studied by many authors as Graev [29] , Nienhuys [36] , and others. Protasov and Zelenyuk [38] obtained a criterion that gives the complete answer to this question. Following [38] , we say that a sequence u = {u n } in an Abelian group G is a T -sequence if there is a Hausdorff group topology on G in which u n converges to the identity. The group G equipped with the finest group topology τ u with this property is denoted by (G, u).
The counterpart of the above question for precompact group topologies on Z is studied by Raczkowski [40] . Following [4, 5] and motivated by [40] , we say that a sequence u = {u n } is a TB-sequence in a group G if there is a precompact Hausdorff group topology on G in which u n converges to the identity. Denote by τ bu the finest precompact group topology on G in which a TB-sequence u converges to the identity.
For 
All above-stated facts demonstrate the importance of the following general question: Problem 1.10. Describe all characterized subgroups of a compact metrizable Abelian group X .
The subgroups s u (X) of a compact metrizable Abelian group X have been studied by many authors, especially in the case X = T, see [1, 6, 8, 12, 10, 21, 25, 33, 34] . In particular, Larcher [34] and Kraaikamp and Liardet [33] obtained characterizations of infinite cyclic subgroups α of T by the continued fraction representation of α; see also [6] . Biró, Deshouillers, and Sós [10] proved that every countable subgroup of T that contains at least one irrational element is characterized. Biró [8] proved that each dense, finitely generated, and torsion-free subgroup of a compact metrizable Abelian group X is characterized. But earlier, in 1983, Borel [12] proved the general case: every countable subgroup of the torus is characterized. These results were generalized by Dikranjan and Kunen [22] and, independently, by Beiglböck, Steineder, and Winkler [7] , who used a different method: Let T N be the direct product of a countable set of copies of T. Set T [26] . Let X be an arbitrary infinite compact metrizable
The following criterion for a subgroup of a compact metrizable Abelian group to be characterized by a T -sequence u was given in [27] As a corollary of this criterion we obtain the following simple necessary condition for a subgroup to be characterized [27] : Proposition 1.13. Each characterized subgroup H = s u (X) admits a finer locally quasi-convex Polish group topology.
We denote H = s u (X) equipped with this topology by H u . One can ask whether the converse is true, i.e., whether every subgroup of a compact metrizable group X that admits a finer locally quasi-convex Polish group topology is a characterized subgroup of X . The answer to this question is in the negative. Moreover, there is a σ -compact non-characterized g-closed subgroup of T N which admits even a reflexive Polish group topology [27] . Note that the first example of a σ -compact noncharacterized g-closed subgroup has been given by Biró [9] . But his example is a subgroup of the torus T that does not admit any Polish group topology by [27, Theorem 2] .
Let G be a countably infinite Abelian group, X = G ∧ d and u = {u n } be a T -sequence in G. Denote by n(G, u) = χ ∈(G,u) ∧ ker χ the von Neumann radical of (G, u). Let H u be the group s u (X) with its unique locally quasi-convex Polish group topology. It turns out that there is a simple dual connection between the groups (G, u) and H u and moreover we can compute the von Neumann radical of (G, u) as follows:
The paper is organized as follows. In the next section we formulate the main results and discuss some problems. Proposition 1.13 allows us to introduce the class of characterizable Abelian groups (see Definition 2.1). We prove that every second countable locally compact Abelian group X is characterizable (see Theorem 2.18 below). Thus, every second countable locally compact Abelian group is the dual group of a complete countable MAP group. We show that each characterizable group of finite exponent is locally compact. Further, we define the notion "characterized subgroup of a compact metrizable non-Abelian group" and prove the following analog of Proposition 1.13 in the non-Abelian case: every characterized subgroup admits a Polish group topology. To prove the last statement, by analogy with 2 -sum of infinite copies of the Hilbert space 2 , we define the p -sum of metric groups with two-sided invariant metrics. A particular case of the p -sum of countable copies of the torus is defined in [26] . In the last section all results of Section 2 are proved in detail.
Main results and some problems
Now Proposition 1.13 justifies the following definition: Definition 2.1. An Abelian Polish group G is called characterizable if there is a continuous monomorphism p from G into a compact metrizable group X with dense image such that p(G) = s u (X) for some sequence u in X ∧ .
Let G be a characterizable group and let a continuous monomorphism p from G into a compact metrizable group X be such that p(G) = s u (X) for some sequence u in X ∧ . Then the sequence u will be called characterizing for G, and we shall say that G is characterized in X by u and p. In the following remark we discuss Definition 2.1.
Remark 1.
1. From the definition it immediately follows that every characterizable group is MAP. 2. Since the Polish group topology is unique, every characterizable group is locally quasi-convex by Proposition 1.13. 3. By Proposition 1.9, the characterizing sequence u is a TB-sequence automatically, because of the density of p(G). 4. Our requirement on p(G) to be dense is explained as follows. Assume that for an Abelian Polish group G there is a continuous monomorphism p from G into a compact metrizable group X such that p(G) is a characterized subgroup of
In such a case, in general, we may find a sequence u in X ∧ such that p(G) = s u (X) but u is not even a T -sequence (see the example below). In Lemma 3.1 below we prove that G is still characterizable. So, on the one hand, the requirement on p(G) to be dense is not restrictive, on the other hand, we demonstrate a connection between T -sequences and characterizable groups (in particular, we can introduce the topology τ u on G and apply Theorem 1.14).
Let us consider the following example.
Thus s u (X) = {1} × T = p(G) and u characterizes G in X . But since u n+1 − u n = (1, 0) for every n, there is no any Hausdorff group topology on Z × Z in which u n converges to zero.
The following question is a counterpart of Problem 1.10.
Problem 2.2. Describe all characterizable groups.
By Theorem 1.12 this problem is equivalent to the following. Let X be a compact metrizable Abelian group and π X (x, (z n )) := x and π n (x, (z n )) := z n be the natural projections from X × T H 0 onto X and T respectively. (a) the restriction to G of π X is a bijection onto a dense subgroup of X , and (b) for every natural number n there is u n ∈ X ∧ (it is unique because of the density of π X (G)) such that u n • π X and π n coincide on G.
Note also that we do not know the answer to the following: It is easy to prove the next proposition: Proposition 2.5. Every finite product of characterizable groups is characterizable.
As an immediate corollary of Theorem 1.11 we obtain:
Corollary 2.6. Every discrete countably infinite Abelian group is characterizable.
Noting that every discrete countably infinite Abelian group is locally compact, one can ask whether any locally compact second countable Abelian group is characterizable. The positive answer to this question is the main result of the article:
Theorem 2.7. Every second countable locally compact Abelian group is characterizable.
We intend to prove Theorem 2.7 by making use of Corollary 2.6 and the structure theorem of second countable locally compact Abelian groups [32] . To this end we have to show also that the group of the reals R is characterizable. We prove this statement in two different ways in the following propositions: Proposition 2.8. The group R of the reals can be characterized in the a-adic solenoid Σ a [32, 10.12] , where a = (2, 3, 4 In the definition of characterizable groups we assume only existence of a continuous monomorphism into some compact group. The following notion is a natural strengthening of the notion "to be characterizable": Definition 2.11. A Polish group G is called strongly characterizable if for every continuous monomorphism p into an arbitrary compact metrizable Abelian group X with dense image p(G) is a characterized subgroup of X .
According to Theorem 1.11 every discrete countably infinite Abelian group is strongly characterizable. We generalize this fact as follows:
Proposition 2.12. Every second countable locally compact Abelian group with an open compact subgroup is strongly characterizable.
In [26, Proposition 7] it is proved, in fact, that the group G 0 is a reflexive non-locally compact strongly characterizable group. We do not know any appropriate characterization of strongly characterizable groups, in particular: Problem 2.13. Is every second countable locally compact Abelian group strongly characterizable? What about R?
Note that there is a characterizable group which is not strongly characterizable. Indeed, Borel [13] showed that there is a characterizable group of the form G = ξ × G 1 endowed with the product topology, where ξ is an infinite discrete cyclic group (and hence it is characterizable) and G 1 is a characterizable group, and a continuous monomorphism p from G into the torus T such that p(G) is not even g-closed. As a corollary of Theorems 1.14 and 2.7, we obtain the following:
Theorem 2.18. Every second countable locally compact Abelian group is the dual group of a complete countable MAP group.
The last theorem explains our interest in the following questions: Problem 2.19. Describe all complete (resp. all complete MAP) non-discrete group topologies CT (G) (resp. CT M(G)) on a countably infinite group G.
For any countably infinite Abelian group G there is a non-trivial TB-sequence u [16] . Since (G, u) is complete [39] , the set CT M(G) is not empty. For a subclass E of the category TopAbGrp of topological Abelian groups we set E ∧ = {G ∧ : G ∈ E}. PolAb denotes the category of Polish Abelian groups. This theorem emphasizes the proximity of characterizable groups to locally compact ones and we may expect that all characterizable groups are reflexive. The interest to Problem 2.24 in the general case is justified by the fact that a positive answer will provide a new large class of reflexive groups which is wider than the class of locally compact second countable Abelian groups. On the other hand, assume that there is a countably infinite Abelian group G and a TB-sequence u in it such that H u := (G, u) ∧ is not reflexive. Then, as it was shown in [27] 
We are not aware of any non-zero group with this property.
Until this point we considered only characterized subgroups of compact metrizable Abelian groups. The rest of the paper will be dedicated to its natural generalization in the non-Abelian case. Let X be a compact metrizable group and X ∧ be the set of all irreducible representations of X . For an irreducible representation u ∈ X ∧ of X by unitary operators on a Hilbert space H and an arbitrary x ∈ X we denote by (u, x) the operator u(x) on the representation space H of u. The identity operator on H is denoted by I H .
Definition 2.27.
A subgroup H of a compact metrizable group X is called characterized if there is a sequence u = {u n } of irreducible representations of X on Hilbert spaces H n such that H = s u (X), where
We will say that u characterizes H and that H is characterized (by u).
Let us remark that since X is compact, every H n in Definition 2.27 is finite-dimensional, but dim H n may strongly depend on n. It is interesting to obtain the answer to the following (see Theorem 1.11): By the definition of characterizable groups and Theorem 2.7, all compact metrizable groups and all locally compact second countable Abelian groups are characterizable. Further, by Freudenthal-Weil's theorem and Propositions 2.8 and 2.31, every connected locally compact metrizable MAP group is characterizable. On the other hand, in contrast to Theorem 2.7, we do not know the answer to the following question: In other words, a Hausdorff topological group G is characterizable if there is a compact normal subgroup K of G such that G/K is characterizable in the meaning of Definitions 2.1 and 2.30. As an immediate corollary of Theorem 2.7 and [32, Theorem 9.8] we obtain that every locally compact compactly generated Abelian group G is characterizable.
The proofs
Now we will prove all results of the previous section.
Lemma 3.1. For an Abelian Polish group G the following conditions are equivalent: (a) there is a continuous monomorphism p from G into a compact metrizable group X such that p(G)
= s u (X) for some sequence u = {u n } in X ∧ ; (b) there
is a continuous monomorphism p from G into a compact metrizable group X with dense image such that p(G)
Proof. We need to show only that (a) yields (b). Let G satisfy condition (a). Set X := cl(p(G)). Then X is a compact metrizable group. Denote by p the corestriction of p onto X . Then p is a continuous monomorphism from G into X . Set u n = u n | X . Then u = {u n } ⊂ (X ) ∧ . By hypothesis and the definition of u we obtain
So G is characterized in X by u and p . 
To prove Propositions 2.8 and 2.9 we need the following lemma: 
So p(u n ) converges to zero in the weak topology τ on X . Hence the set K := {p(u n )} n∈N ∪ {0} is compact in τ . By the Glicksberg theorem [28] , the set K is also compact in the initial topology of X . Let p(u n k ) → x = 0 in X on some subsequence n k .
Let y ∈ X ∧ be such that (x, y) = 1. Then,
This contradicts to (3.1) . = (1, 0, 0, . . .) is the unit in a ). Then Σ a = (R × a )/B [32, 10.12] . Let φ denote the natural homomorphism from R × a onto Σ a . By [32, 25.4] , any element χ = φ(t, x) ∈ Σ a can be identified with the following function χ, 
and we have to show only the converse inclusion.
More precisely, since
we have to prove the following:
Step 1. Let us prove that either x n = 0 or x n = n + 1 for all sufficiently large n.
Assuming the converse we can find an element χ = φ(t,
Note that for every n > 0 we have 
By the choice of u k , l can take an arbitrary value between 0 and k j . Hence, by (3.2) and (3.5), there is j > j 0 such that |1 − (χ , u k j )| > 0.1. This is a contradiction.
Step 2. Assume that x does not have the form (3.3). Then there is a sequence
By (3.2) and since k j → ∞ and l can take an arbitrary value between 0 and k j , it is clear that for any k there is k j > k such that |1 − (χ , u k j )| > 0.1. This is a contradiction. 2
To prove Proposition 2.9 we need the following lemma that allows us to simplify the form of a monomorphism h. Step 2. By Theorem 1.11, choose a TB-sequence b = {b n } ⊂ Z such that s b (T) = α , where α = α − [α] ∈ T. In particular, (−b n , α ) = −b n · α → 0 (mod 1). Hence, there are a n ∈ Z and ε n ∈ R such that a n + α b n = ε n and ε n → 0.
Put a n = a n − [α] · b n . Then a n + αb n = ε n . Set u = {u n } = {(a n , b n )}.
Let us prove that s u (T 2 ) = h(R). Since p(u n ) = a n + αb n = ε n → 0, by Lemma 
